Abstract. This paper is concerned with a system of p-Laplace heat equations with constraints and Navier-Stokes equations. The existence and uniqueness of solutions have been already proved for several types of the system in 2-dimensional domains. This paper gives the existence result in 3-dimensional domains, where the di¤usion term on heat equations is the p-Laplacian with p b 3. This work provides a first insight towards the full case p b 2.
The problem including the fifth equation is the so-called ''Boussinesq system''. From a viewpoint of physics, the problem (P) (practically in the case p ¼ 2) represents the model describing temperature y ¼ yðt; xÞ and velocity v ¼ vðt; xÞ of incompressible fluid at each place x on the domain W at each time t A ½0; T. Artificially, we impose constraint on temperature. In more detail, the equation
holds when c 1 < y < c 2 . On another hand if y ¼ c 1 , then the left-hand side of the above equation including the time derivative qy=qt bigger than the righthand side so that the constraint keeps. On the other hand if y ¼ c 2 , similarly, then the left-hand side is smaller than the right-hand side. Moreover, the p-Laplacian D p y implies the e¤ect of highlighting extreme values in the temperature distribution, and such e¤ect becomes stronger depending on largeness of p. Accordingly, convective e¤ect of the term v Á 'y also becomes stronger. (P) is an artificial problem by taking such e¤ect into account.
Concerning problems with obstacle functions such as c 1 , c 2 in (P), we can find some mathematical studies. Brezis-Crandall-Pazy [3] originally dealt with an obstacle problem in the framework of evolution equations in the case where obstacle functions are independent of t A ½0; T. In the case where obstacle functions depend on t A ½0; T, Yamazaki-Ito-Kenmochi [26] first studied such obstacle problem under strict conditions on obstacle functions. After that, Fukao-Kubo [9] dealt with such time-dependent obstacle problem without strict conditions by employing a similar argument in [3] .
There are some works on the solvability of (P) and related problems. Fukao-Kubo [9] and Sobajima-Tsuzuki-Yokota [22] established the solvability of the problem (P) with the di¤usion term D p y altered into Dy in 2-dimensional domains. Tsuzuki [24] also solved the problem (P) with the di¤usion term D p y in 2-dimensional domains. Other problems associated with the Boussinesq system are dealt with in many papers (see e.g., Morimoto [15] , Kubo [13] , Fukao-Kenmochi [6] and Fukao-Kubo [8] ). The solvability of the model with Dy and time-dependent constraint on velocity v in 2-and 3-dimensional domains was recently studied by Fukao [5] and Fukao-Kenmochi [7] . On the other hand, obstacle problems for elliptic equations of p-Laplacian type are dealt with in Choe-Lewis [4] , Mu [16] , Rodrigues [19] , and Rodrigues-Sanchó nUrbano [20] .
However the works adopting the operator theory with the solvability of (P), namely [9] , [22] and [24] , are done only in 2-dimensional domains. It should be appreciated that we discuss the solvability in 3-dimensional domains even if we consider an artificial setting with p-Laplacian. In this paper, we try to answer the following question:
Can the solvability of (P) be extended for the 3D case along the operator theory?
Actually, we can prove the existence of solutions to (P) with p-Laplacian D p y in the case p b 3. That is a first step towards the full case p b 2. The proof is based on the theory for subdi¤erential operators of convex and indicator functions, which is used in various problems (see e.g., Ito-Kenmochi [10] , Kenmochi-Shirakawa [11] , Aiki [1] , Kumazaki [14] and Yamazaki [25] ).
In this section on later, we formulate the problem (P) and define solutions. After that, we state the main results. The outline of our proof is as follows. In Section 2 as preliminaries, we give the solvability of the approximate heat equation with estimates and the Navier-Stokes equation, respectively. In Section 3, we construct the approximate solution to the problem (P) by using the solvability result obtained in the previous section, and then we estimate for it and take the limit.
Previous works and our purposes
Let us recall the previous works [9] , [22] and [24] in 2-dimensional domains. In [9] and [22] it is shown that there exists a unique solution ðy; vÞ to the problem (P) with p ¼ 2 such that [24] it is proved that the problem (P) with p > 2 admits a unique solution in the classes (C2) and Indeed, in the case p ¼ 2 as in [9] and [22] , noting that and hence (1.1) holds. The other of the two important parts is to introduce the two mappings, which are for example the two solution operators of the heat equation with fixed velocity and the Navier-Stokes equation with fixed temperature, and to construct solutions to (P) by combining the two mappings. Indeed in the both case p ¼ 2 and p > 2, they apply the Schauder fixed point theorem (as in [9] ) or the contraction mapping principle (as in [22] and [24] ) to the composition of the two mappings mentioned above.
The purpose of this paper is to establish the existence of solutions to the problem (P) in 3-dimensional domains. We should pay more attention to verifying (1.1) because of loss of regularity for solutions to (P). Indeed, (C2) [9] , [22] and [24] . Indeed, the application of the contraction mapping principle breaks down on a similar situation when we calculate to prove the uniqueness of solutions to the Navier-Stokes equation in 3-dimensional domains. The application of the Schauder fixed point theorem also breaks down because the solution operator mentioned above is multivalued. Therefore, it is necessary to introduce another method to construct solutions to (P). In this paper, we use the method in [6] (see Section 3 in more detail).
Formulation of the problem and main results
We use the following notation:
Here H and V p are equipped with standard inner product and and we define aðÁ ; ÁÞ : V Â V ! R and bðÁ ; Á ; ÁÞ :
and we also define A :
where A is the so-called Stokes operator and represented as ÀPD, where P : L 2 ðWÞ ! H is the Helmholtz projection.
Under these settings we define solutions to the problem (P). 
In this paper, especially in the two main theorems, we assume the following conditions: Then there exists at least one solution ðy; vÞ to the problem (P).
Then there exists at least one solution ðy; vÞ to the problem (P). 
Preliminaries

Solvability of the approximate heat equation
To construct solutions to the heat equation, we regard the variational inequality (D2a) as the following evolution equation in H dy dt ðtÞ þ qjðyðtÞÞ þ qI KðtÞ ðyðtÞÞ C f ðtÞ À vðtÞ Á 'yðtÞ a:a: t A ð0; TÞ ðD2aÞ 0 by using subdi¤erential operators, and we also introduce the Yosida approximation and the Moreau-Yosida approximation.
We define two proper, lower semi-continuous and convex functions as follows: and u A DðqfÞ if qfðuÞ 0 q. It is well-known that
x A qI KðtÞ ðyÞ , ðÀx; y À zÞ H a 0 ðz A KðtÞÞ for all y A DðqI KðtÞ Þ ¼ KðtÞ;
and hence (D2a) is equivalent to the evolution equation (D2a) 0 . To consider approximate heat equations, we also introduce the Yosida approximation ðqfÞ n of qf and the Moreau-Yosida approximation f n of f, which are defined as
where I is the identity, and ðqfÞ n ¼ qðf n Þ ¼: qf n holds. for all n A N and z A H, where P KðtÞ is the projection onto KðtÞ and x G :¼ maxfGx; 0g.
The proof of the main theorem proceeds as follows. First, we solve the approximate heat equation (NH) n (where qI KðtÞ is approximated by qI n KðtÞ ) for given v. Next, we solve the Navier-Stokes equation (NS) for given y. Finally, we construct the approximate solution ðy n ; v n Þ and take the limit.
To obtain the estimate for solutions to the approximate heat equation, we introduce the following two lemmas. 
The next lemma gives the estimates for the approximate heat equation. Proof. We multiply the equation in ð g NH NHÞ n by qjðỹ yðtÞÞ þ qI 
Integrate it over ½0; t 0 for all t 0 A ½0; T (denoted by t again). Then we see that for all t A ½0; T, 2jðỹ yðtÞÞ þ 2I 
Multiplying the resultant by n A N, we obtain the desired inequality by (2. 
Integrating it over ½0; T, we see that 
; T; HÞ þ TÞ ð2:9Þ for all t A ½0; T, where C 3 is a positive constant depending only on g (independent of T).
Remark 2.1. Any solution v Ã to (NS) for fixed y as in the above proposition satisfies the following estimate:
where C 4 is a positive constant depending only on T and g.
Proof of Theorems 1.1 and 1.2
Note that the uniqueness of solutions to the Navier-Stokes equation (NS) is not obtained in Proposition 2.7. Hence we can neither use the Schauder fixed point theorem nor the contraction mapping principle which are e¤ectively used in [9] and [24] . So we turn our eyes to the method in [ Step 1. Construction of approximate solutions
We divide the time interval ½0; T equally into n parts: Then the pair ðy n ; v n Þ belongs to the classes (D1a) and (D1c), and is a solution to the following approximate problem:
ðdy n =dtÞðtÞ þ qjðy n ðtÞÞ þ qI n KðtÞ ðy n ðtÞÞ ¼ f ðtÞ À v n ðtÞ Á 'y n ðtÞ a.a. t A ð0; TÞ; y n ð0Þ ¼ y 0 ; ðdv n =dtÞðtÞ þ Av n ðtÞ þ Bðv n ðtÞ; v n ðtÞÞ ¼ Pgðy n ðt À T=nÞÞ a.a. t A ð0; TÞ;
ðPÞ n where we set y n ðtÞ :¼ y 0 ðt A ½ÀT=n; 0ÞÞ for simplicity.
Step 2. Estimate for the approximate solution
We consider estimates for the approximate solution ðy n ; v n Þ. Since the solution y n to the heat equation in (P) n satisfies ð g NH NHÞ n in Lemma 2.3 with y ¼ỹ y ¼ y n and y 0 A Kð0Þ, as a result of (2.7) we see that for all t A ½0; T, kdy n =dtk Recall that we have constructed v n on ½T ðiÀ1Þ n ; T ðiÞ n (i.e., v ðiÞ n ) for i ¼ 1; . . . ; n. As a result of (2.9) in Proposition 2.7 we have obtained for each i ¼ 1; . . . ; n, Furthermore, it follows from (1.3) in Remark 1.1 with (3.7) and (3.10) that fv n Á 'y n g is bounded in L 2 ð0; T; HÞ: ð3:15Þ
Step 3. Taking the limit of the approximate problem From the Lions-Aubin compact theorem (see Simon [21, Corollary 4] ) with (3.7), (3.9), (3.10) and (3.8), there exist functions y A Cð½0; T; HÞ, v A L 2 ð0; T; HÞ and subsequences still denoted by fy n g and fv n g such that y n ! y in Cð½0; T; HÞ; ð3:16Þ v n ! v in L 2 ð0; T; HÞ; ð3:17Þ and so we see that y n ðÁ À T=nÞ ! y in Cð½0; T; HÞ: ð3:18Þ Indeed, it follows that dy n =dt ¼ 0 on ðÀT=n; 0Þ and hence for all t A ½0; T, ky n ðt À T=nÞ À yðtÞk H a ky n ðt À T=nÞ À y n ðtÞk H þ ky n ðtÞ À yðtÞk H We also see that (3.19) and the symmetry of a yield Av n ! Av weakly in L 2 ð0; T; V Ã Þ:
Moreover (3.14) implies that there exist a function h A L 4=3 ð0; T; V Ã Þ and subsequences still denoted by fy n g and fv n g such that 
